ABSTRACT. In this paper we introduce for an arbitrary algebra (groupoid, binary system) (X; * ) a sequence of algebras (X; * ) n = (X; •), where
Introduction
Y. Imai and K. Iséki introduced two classes of abstract algebras: BCK-algebras and BCI-algebras ( [5, 6] ). It is known that the class of BCK-algebras is a proper subclass of the class of BCI-algebras. In [3, 4] Q. P. Hu and X. Li introduced a wide class of abstract algebras: BCH-algebras. They have shown that the class of BCI-algebras is a proper subclass of the class of BCH-algebras. J. Neggers and H. S. Kim introduced the notion of B-algebras ( [10, 11] ), i.e., (I) x * x = e; (II) x * e = x; (III) (x * y) * z = x * (z * (e * y)), for any x, y, z ∈ X. J. R. Cho and H. S. Kim [2] discussed some relations between B-algebras and quasigroups. M. Kondo and Y. B. Jun [9] showed that the class of B-algebras coincides with the class of groups. P. J. Allen, J. Neggers and H. S. Kim [1] gave another proof of the close relationship of B-algebras with groups using the notion of zero adjoint mapping. H. S. Kim and H. G. Park [8] showed that the class of p-semisimple BCI-algebras is equivalent to the class of 0-commutative B-algebras. H. S. Kim, Y. H. Kim and J. Neggers [7] showed that the classes of Coxeter algebras and the class of B-algebras of odd order are Smarandache disjoint. Recently, A. Walendziak [12] gave an equivalent definition of normal subalgebra. He also proved that the notion of a normal subalgebra is equivalent to that of the normal subgroup of the derived group. Moreover, A. Walendziak [13] introduced many generalizations of B-algebras and gave a diagram showing the interrelationship between them.
In this paper we consider algebras (X; •) = (X; * ) n , where
with (X; * ) 1 = (X; * ), a given algebra and (X; * ) 0 , x * y = y, the right zero semigroup. These algebras will be considered as cycloidal algebras based on given algebras (X; * ). Various properties of these cycloidal algebras are certainly of interest. For example, if (X; * , 0) is a BCK-algebra (or more generally a d-algebra), then it doesn't satisfy the abelian property x * y = y * x except in the trivial case |X| = 1. On the other hand, if (X; * , 0) is abelian in the sense of BCK-algebras, then x * (x * y) = y * (y * x), or in terms of the algebras discussed here, [x * y] 2 = [y * x] 2 , i.e., (X; * , 0) = (X; * , 0) 2 is in fact commutative. Hence it appears that one may profitably investigate the question of commutativity of (X; * ) n for some n (Does there exist one?) for a given algebra (type) (X; * ). Although we have not done so here, it is an example of the type of question which occurs naturally. our main topic is a discussion of a parameter (m, n), m > n ∈ Z, which we have termed the cycloidal index of (X; * ), for which [x * y] m = [x * y] n , i.e., (X; * ) m = (X; * ) n , for which we obtain several results of interest as well as several large classes of examples for which it is possible to obtain specific results. One such is the observation that finite algebras do indeed have cycloidal indices. Another result demonstrates that the class of algebras (X; * ) with cycloidal index (2, 0) is quite large. Besides obtaining theorems whose conclusions are mostly unsurprising though interesting in context, it is clear that further questions may easily be asked beyond the several proposed here. As a byproduct we are able to say something of interest about higher order golden sections as well.
B-algebras
Among the examples discussed in some detail below the B-algebras are very convenient relative to this topic while groups, though closely related, are not at all handled so easily. We review some of the properties of B-algebras needed below.
A B-algebra ( [10] ) is a non-empty set X with a constant 0 and a binary operation " * " satisfying the following axioms: 
Cycloidal algebras
Consider the expressions:
We shall consider these expressions to be a new sequence of products on the algebra (X; * ) with resulting algebras (X; * ) n = (X; •), where
, it is the right zero semigroup.
(a) If (R; +) is the set of all real numbers with usual addition, then
0 . Taking k as small as possible, we obtain a parameter c(X; ·) = k, called the cycloidal index of the group (G; ·), i.e., the lcm of all the orders of the elements of g.
More generally, let (X; * ) be an algebra. Then the cycloidal index of the algebra (X; * ) is the smallest positive integer (c) The right-zero-semigroup is the only algebra having cycloidal index (1, 0),
Ì ÓÖ Ñ 3.1º If (X; * , 0) is a B-algebra, then it is a cycloidal algebra of index (2, 0) precisely when its associated group (X; ·, 0) is an abelian group, where x · y = x * (0 * y), fora ll x, y ∈ X. P r o o f. Given a group (X; ·, e), one way to produce a B-algebra from such a group is to define x * y = x · y −1 via the group multiplication. Thus, (X; * , e) can be considered in terms of the cycloidal index we have defined above. If the cycloidal index is (1, 0), then x * y = x · y −1 = y and x = y 2 for all x and y, so that y = e means x = e and |X| = 1. Next, suppose c(X; * ) = (2, 0). Then x * (x * y) = y for all x, y ∈ X and x * (
= y for all x, y ∈ X so that x · y = y · x and X is an abelian group. On the other hand, if (X; ·, e) is an abelian group, then also xyx
for all x, y ∈ X, so that (X; * , e) is a B-algebra of a cycloidal index (2, 0) precisely when (X; ·, e) is an abelian group.
Suppose that (X; * ) is the left zero semigroup, i.e., x * y = x. Then x * (x * y) = x * x = x and [x * y] 2 = [x * y] 1 . We consider the cycloidal index of (X; * ) to be (2, 1) . If x = y, then x * y = x = y and [x * y] 1 = [x * y] 0 , i.e., the cycloidal index of (X; * ) does not equal to (1, 0) in this case.
Suppose X is a power set of a non-empty set A and suppose that x * y = x − y is the usual set difference, with x * x = x − x = ∅, the empty set. Then (X; * , ∅) is a BCK-algebra and x * (x * y) = x ∩ y, the intersection of the sets x and y.
We therefore consider the cycloidal index of (X; * , ∅) to be (3, 1) .
In general, an algebra (X; * ) is said to be of cycloidal index be a map and let " * " be defined by x * y := f (x) − y. Then (X; * ) is a cycloidal algebra of index (2, 0) and the left cancellation law holds for (X; * ) also.
Next, we obtain a fundamental theorem for finite algebras (binary systems) concerning the existence of cycloidal indices for such systems. 
P r o o f. Let β be a natural number such that β ≥ ml − kn and let µ : 1 , x 2 , . . . , x n } and let 
ÓÖÓÐÐ ÖÝ
By Theorem 3.6, we say that every finite algebra has a finite cycloidal index. 
Linear products and golden sections
Let R denote the real numbers. Then a linear product on R is a product x * y = ax + by + c, where a, b, c ∈ R. We may now consider the linear cycloidal algebras obtained from (R; * ). Thus (R; * ) 2 
